ISRAEL JOURNAL OF MATHEMATICS 97 (1997), 293-304

THE FIXED POINT STATEMENTS
ON BERGMAN TYPE COMPLEX MANIFOLDS

BY

MARK CHINAK

Department of Mathematics, Bar-Ilan University
Ramat-Gan 52900, Israel

e-mail: chinak@bimacs.cs.biu.ac.i

ABSTRACT
Under consideration are some nonclassical analogues of the Cartan fixed
point theorem which are stated for meromorphic self-maps of complex
manifold with nontrivial Bergman form. We discuss their exactness and
examine possibilities for fixed point conditions on these manifolds.

1. Introduction

A noteworthy fact of complex analysis is that a holomorphic self-map f: M — M
is an isomorphism under suitable assumptions on the complex manifold M and
the mapping f. The basic result was obtained by Cartan in 1932 [1],[2]:

Let D be a bounded domain in C* and let f: D — D be a holomorphic
self-mapping of D with fixed point zo € D. Then |det f'(z¢)| < 1, and the
equality holds iff f € Aut(D). Moreover, a condition f'(xzp) = Id implies f = Id
identically.

During our discussion, it will be useful to replace simply the second statement
in the following way.

Let D, f, x¢ be as above and
(+) f'(wo) = AId

with real A > 1. Then A =1 and f = Id identically.
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Lately, Kaup [7], Kobayashi (see review [8]), and Wu [12] have essentially
extended the Cartan Theorem on the case of hyperbolic spaces (for some other
developments based on a more detailed analysis of the Cartan phenomenon see,
for instance, Graham [5],[6] and Kwack [9]). In our paper we state some analogs
of Cartan’s statements for meromorphic self-mappings f C M x M of the complex
manifold M with nondegenerate Bergman form Bjs (or, more specifically, with
nondegenerate Bergman metric form bps) in terms of the multiplicity function
N{(z) = #f~(z) and its upper bound o(f) = essps sup N;. Our motivation is
that, e.g., all the compact complex manifolds with trivial canonical bundle and
any domain D C C" of the finite Euclidean volume satisfy the condition Bys > 0
(and sometimes bps > 0) everywhere, but they can be essentially nonhyperbolic.
(See Rosay and Rudin’s example in [10] and Example 2 below. In Example 2,
after some modification of their arguments, we construct a holomorphic self-map
F: C* — C™ with det F'(z) = 1 whose image F(C") = @ has everywhere positive
Bergman metric form bg.)

In such a situation Cartan’s first statement transforms in the following way.
Denote by H(M) the space of all square-integrable holomorphic (n,0)-forms
on M™.

THEOREM 1: Let M be a connécted complex manifold and By (zo) > 0 for some
point xg € M. If a meromorphic selfmapping f — M x M keeps the point zg
fixed, then the following statements hold:
(1) |det f(z0)| < v/o (D),
(2) the equality |det f'(xo)| = /o (f) holds iff N¢(z) =
exists an element wy € H(M) such that wo(zo) #
det f'(x0) x wo.

o(f) a.e. and there
0 and f*wg =

COROLLARY 1: Let f — M x M be a bimeromorphic isomorphism of M which
keeps some point o € M fixed and Bps(zg) > 0. Then |det f'(zo)| = 1 and
there exists a form wo € H(M) which does not vanish at x¢ such that f*wy =
det f'(xg) X wo.

COROLLARY 2: Let M be a connected complex manifold of Bergman type
(i.e. Byy > 0 everywhere). Then there is no bimeromorphic isomorphism
f — M x M which keeps two distinct points z,y € M fixed with the distinct
Jacobians det f'{x) # det f'(y).

We show that Theorem 1 is (in some sense) exact, by Examples 1 and 2 below.
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In order to generalize the second part of Cartan’s Theorem we try to show that
it is more or less natural to complete the assumptions (*) above by the equality
|det f/(z0)| = Vo {f) together with a condition bpr(xg) > 0. We obtain that

f = Id under such conditions in Theorem 2.

2. Background

Let M be a complex n-dimensional manifold and H (M) denote the Hilbert space

of holomorphic forms of bidegree (n,0) with the inner product
v —1 n? —
(o, B) = (——2—n—)‘—/ aAf.
M
The next proposition follows from [11].

PROPOSITION 1: Let there exist v € H(M) for some point zo € M such that
v(zqg) # 0. Then for any tangent vector X € Ty, M all the functionals

w— (20), w— X (2) (20)

are continuous on H(M).

Let us assume that H(M) is nontrivial and let {e;} be an orthonormal basis
there. Then the Bergman form

Bu(z) = DT 560 neye)

is real analytic and does not depend on the choice of {e;} [11]. If H(M) = 0
then we write Bys = 0 so that By =0 iff H(M) = 0.

Definition 1: We say M is a Bergman-type manifold if By; > 0 everywhere.

(For instance, any complex torus 7 and any domain D C C" with finite
Euclidean volume Vol(D) < +oo are of such type.)

Let us denote E = {z € M | By(z) = 0} and consider a local holomorphic
coordinate system z = (z!,...,2") near some point x € M~ E. Then the
Bergman metric form

by =Y 8:8:log|By/dz Adz|dz © d7?

ij=1



296 M. CHINAK Isr. J. Math.

is semi-positive everywhere on M N\ E. It is easily verified that by (x) > 0 iff
Bp(x) > 0 and there exist n forms wy,...,w, € H(M) such that w;(z) = 0,
9; w;/dz(x) # 0 for any i = I, n.

Recall the famous Rosay—Rudin example of a strange holomorphic self-mapping
F:C* — C" [10] which, after some refinement below, could be described by the
following proposition.

PROPOSITION 2: Let n > 1 and z = (z%,...,2") be the usual holomorphic

coordinate system on C*. Then for any v > 0 there exists a holomorphic mapping
F = (F1,...,F") from C" into C", with det F'(z) = 1, so that

Vol (F~HC™ N A™)) < v

where A™ is a unit polydisk and Vol, denotes a volume with respect to the form
= (VIO /2" x o (1F)? + 1)dz A dz.

Proof: We shall use a simple generalization of a lemma in [10, p.65].

LEMMA: Letn > 1 and v be an arbitrary continuous volume form on C*. Suppose
that Qo and Q)1 are concentric open cubes in C*, with Qy C Q1, and P is a cube
in C*. Then there corresponds a holomorphic map ¢: C* — C™ to every € > 0
so that

(a) det¢'(2) =1,

(b) |z — ¢(2)] < € in Qq, and

(¢) Vol,{z € Q1 ~Qq: ¢(2) ¢ P} <e.

The original Rosay—Rudin statement in [10, p. 65] has been proved only for the
Euclidean volume form v = (\/——1)"2 X 27™dz A dz and our evident addition is
that by a literal repetition of their arguments one can obtain this for our slightly
general case.

The further proof is based also on {10] and although the Rosay and Rudin
scheme is retained except for a few additional details, we repeat this in order to
demonstrate their argument’s potential and for the reader’s convenience.

There are concentric open cubes Qf in C* so that @, C Qryy for k =
0,1,2,...,Q1 is our given cube A" and C* = Qo U Q1 U---.

Assume, without loss of generality, that € is so small that w € Q; if 2 € Qq
and |w — z| < €. Choose ¢ > 0 so that

(1) ex <1, k=0,1,2,...,
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(2) ep+ert+er+--<e

(3) for any j =1,2,... the estimate ;41 +¢€;42 + -+ < &; holds.

Put Fy(z) = z. Assume, for some k& > 0, that we have a holomorphic map
Fi: C* — C™, with det Fj(z) = 1, and that there is a cube P, C Qj so that
Fr(Py) C Qo (this induction hypothesis holds when & = 0, with Py = Qo).
Choose 8, > 0 so that

V) BRE) - R <er, [IFEOP-IFEP < j=Tn,

whenever 2’ € Qi and |2 — 2’| < 6.

Let 7 = (v/=1)** /2" x Z?=1(|F,f|2 +1)dz A dz. The lemma above furnishes a
holomorphic map ¢z: C* — C* and closed set Yi C Q41 ™ Qk with Vol,, (Yi) <
€k, S0 that

(i) det @) (2) =1,

(ii) |2 — @r(2)] < bk if z € @k, and

(iii) ¢ ((Qr+1 > Qk) N Yi) C Py.

Define Fy41 = Fj 0 ¢, and let Py be some cube in (Qr41 ™ Qx) ™ Yi. Then

Fk+1(Pk+1) C Fk(Pk) C QO'

This completes the induction step.
For all z € Q; we have

|Fiet1(2) = Fie(2)] = | Fi(¢(2)) — Fi(2)| < ek,
IFL @ — IF)P| <er, j=Tom,

(2)

by (ii) and our choice of §;. Hence there exist

=1 n?2 n . )
= (—J‘~Z(|F’]2+l)dzAdE=kEngofk

j=1

F=1limF, 7
k—oo
uniformly on compact subsets of C*, det F'(z) = 1, and

® IF) = Fu(a)| € 3 1B (2) — Fula)| < e < o

u=k u=k

for all z € Qx, by (2).
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If z € Qo then (3) implies that |F(z) — 2| < ¢; hence F(z) € @, = A™. If
2 € (Qp+1 > Qi) N Y}, for some k > 0 then (ili) gives

Frt1(z) = Fie(ér(2)) € Fe(Pe) C Qo.

Also, |F(z) — Fr+1(2)| < &, by another application of (3). As before, we conclude
that F(z) € A™. Any other z € C" lies in [J]° Y. This completes the proof,
because in view of the estimate 7 > (v/—1 )”2 X 27™dz AdZ the Euclidean volume
Vol(Y}) is less than e so that conditions (1)~(3), and relation (2), imply the next
estimate for any p > k > 1:

M-
S

.‘;\

S

Vol (Y1U---UYz) <

=
Il
A

k P
,t)—i-nZVol(Yu) Z £

J=p+1

SZ k+n2€”e“ (n+ 1)e. ]

IA
i

> |l

Definition 2: A meromorphic mapping of the complex space M into the complex
space N is the binary relation f C M x N such that there exists an analytic subset
S = S(f) € M with the following properties:

(1) codime S(f) > 2,

(2) a restriction f|as < s is a holomorphic map, and

(3) the graph I'y C M x N is an analytic subset in M x N.

If f C M x N is a meromorphic mapping then we denote

Ny(z) = #fHz), z€N,

the multiplicity function of f, and introduce (see [3] on some motivations)

o(f) = inf sup #f 7 (x) > A

zEN

where the infimum is taken over all analytic sets A C N of dimension dimg 4 <
dim¢ N (by Remmert’s theorem, an example of the situation o(f) < +o00 is a
non-degenerate proper holomorphic map f: M — N for connected M, N). The
proof of the next proposition may be easily obtained from [13], Lemma 2.12.
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PROPOSITION 3: Let f C M x N be a meromorphic mapping of the complex
manifolds , with dim¢ M = dim¢ N =n > 0. If w,v € H(N), then

/ f*w/\f—*zI:/wa/\v.
M N

3. Proofs

We start with the proof of Theorem 1. Due to trivial situations, let us suppose
o(f) < 400 and a = det f'(zg) # 0 (in view of Definition 2, the condition
f(zo) = o implies immediately that f is holomorphic near zq). By the condition
codimg S(f) > 2, together with Hartog’s theorem, the form f*w is correctly
defined on M whenever w € H(M). By Proposition 3 we have the following

estimate:
* 2 (\/__l)nz * *
Il = Y5 [ prunt
(4) _ /=D N Amsﬂ— (f)/ w AT
2n M 2n M
= o (f)|lwl]?
so that the next linear operator
(5) Ti(w) =at x f*w: HM) — H(M)

has the norm

(6) 1741l < Vo (f)/lal.

Since Bp(zo) # 0, there exists a form v € H(M) such that v(zg) # 0. Let us
introduce the linear functional £ on H (M)

w(xo)

1/(1?0) ’

which is continuous on H(M) by Proposition 1. According to (5) the operator

Y w) =

w e H(M),

Ty preserves ¢, i.e.
(7) {Tyw) = L(w), we H*(M).

Let us examine the case when the estimate |a] > /o (f) holds. At first we shall
show that such a situation is possible only if
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(1) lal = /o (F) and

(2) there exists a form wo € H(M) such that wo(xo) # 0, f*wo = awe;
moreover, Ny = o(f) a.e.

Indeed, by our assumption |a| > /o (f) and (6), we have ||Ty|| < 1. Thus the
operator T is the self-map of the closed unit ball Vas = {w € H(M) | |jw]| < 1}:

(8) Ts (VM) C Vu-

For any ¢ € C let us consider the affine hyperplane L. = {w € H(M) | £(w) = c}
in H(M). By (7) and (8) the intersection D, = L. NV} is preserved also under
the Ty action:

Tf(Dc) C D..

Since £ is a continuous functional with respect to the norm of the space H%(M)
and 4(v) = 1, for sufficiently small |c[ < € (¢ # 0), the intersection D. will be
a nonempty closed convex subset in Vys. Because H(M) is a Hilbert space, D,
is a weak compact of H2(M) so that we may use the Schauder principle [4] for
finding a fixed point wy € D, of Ty:

Trwo = wp, wo(Zo) # 0;
hence
(9) f*wo = awg, Wg € H(M), wo(.’zo) # 0.
Let us integrate (9) over the manifold M:

(10) / f*’wo A f‘wo = |a|2/ wo A Wo.

M M
On the other hand, Proposition 3 allows us to write
(11) / frfwo A f*wo = / Nf’LU[) A Wg.

M M

Thus, both (10) and (11) imply

(12) |a|2/ wol\w_0=/ Nywo AWo.
M M

Since wg A Wo # 0 a.e. on M and for almost all £ € M we have the estimate
la|?> > o(f) > Ny(z), then (12) is true only if |a|? = o(f) = Ny(x) almost
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everywhere on M. This completes the proof of statement (1) and partially of
statement (2) in Theorem 1. Now the theorem in complete form follows from
equality (12), which allows us to state easily |a| = m under both conditions
f*wo = det f'(xo) X wop and Ny = o(f).

To prove Corollary 1 it is enough to apply Theorem 1 to both mappings f and
f~L. Corollary 2 follows from Corollary 1 and nonexistence of a pair of nonzero

forms wy,ws € H(M) with f*w; = a;,w;, a1 # as. ]

Now, in order to examine the exactness of Theorem 1, we shall construct an
example of the K-branched self-covering f of some Bergman-type manifold such
that the equality | det f'(25)] = VK holds in fixed point z¢, with arbitrary large
K.

Example 1: Let-M =T where T is a complex 1-dimensional torus. Thus Br >
0 everywhere and there exists the isomorphism 7,(T) ~ Z & Z. Choosing an
arbitrary ¢ € N let us consider a subgroup A < m(T) generated by elements
(tn,tp) where n,p € Z. Since such A has a finite index in 7 (T) and we have
A ~Z @ 7, then one can construct a K-branched holomorphic cover g: T/ — T
where 7" is also some complex torus (and X > ¢). In terms of fundamental
rectangles of both universal coverings C — T and C — T" it is easily verified
that the moduli of T and T” coincide, hence we may write T = T". Since T is a
homogeneous complex manifold, a suitable composition f = g o ¢ of g with some
automorphism ¢ € Aut(7T) is a K-branched self-covering of T with at least one
fixed point zg € T.

Now we calculate the value of | det f’(z0)| using the known fact dim¢ H(T) = 1.
Denoting by wg an everywhere nonzero holomorphic (1,0)-form on T we obtain
f*wo = cwyp, where ¢ = det f'(zg) by the equality f*wo(zo) = cwp(xo) in the
fixed point zg.

Integrating over T, we have
/ frwo A frwe = ]detf’(xo)[2/ wg A We.
T T

On the other side, the relation K = o(f) = Ny(z) for all z € T together with
Proposition 3 imply

/f*wo/\m=0(f)/wo/\‘u75
T T
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so that | det f'(zo)| = \/o(f) = VK.
The next example shows an error both of Cartan’s Theorem and the statement

(%) for some complex domain with positive Bergman-metric form by.

Example 2: In accordance with Proposition 2, for any n > 1 there exists a
holomorphic mapping F = (F1,..., F*): C* — C™ such that det F'(z) = 1 and

n

(\/—_)”2/ > (F? +1)dz A dZ < +oo.

RSTCNA o

In particular, the image @ = F(C") is a domain and Proposition 3 implies

n

(V=1 f S (F? +1)dz ndz

F-1C» ~ An) i57

=0 [ Ny S (A1 + 1)dz A dz

@~Nar 5

2 [ S+ 1)dz A dz

j=1

so that

V=)™ /an:(lzjl2 + 1)dz A dz < +00.

Because all the functions 1,2z}, ..., 2" are square-integrable over Q, then bg >0
everywhere. Now we are in a position to construct a holomorphic self-mapping
f: @ — @ which satisfies conditions f(z¢) = zo, f'(zo) = A for some point
zo € Q and an arbitrarily given (n x n)-matrix A. Indeed, there exists a point
zo € Q such that F~(z) N Q # 0. Let us consider any point z; € F~(z¢) N Q.
Choosing the affine map L: C* — C*, L(zo) = x1, L' (z0) = (F'(x1)) 10 A, we
see that the restricted composition f = F o L|g is a self-map of Q; moreover,
f(zo) = xo and f'(zo) = F'(z1) o (F'(z1)) 1o A= A.

This allows us to examine the truth of the statement () in the case of Bergman-
type manifolds. Namely, as Example 2 shows, the assumption [f'(zq) = Ald,
A > 1] is not enough for this assertion even if bys(xg) > 0. Therefore, by Theorem
1 and Example 1 it is natural to use the equality det f'(zo) = \/o(f) as an

additional good condition in such a situation, as follows:
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THEOREM 2: Let f C M X M be a meromorphic mapping of the connected
complex manifold M which keeps some point zq € M fixed and bps(zg) > 0. If
1/ (zo) = Md with real A > 1 and det f'(zo) = \/o(f), then f = Id identically.

Proof: Since det f'(zo) = \/o(f), then Ny(z) = o(f) a.e. by Theorem 1, there-
fore the next equality holds by Proposmon 3.

(Frw, f*v) = / frunFy

= %om | wrv=af) @), wvenon
so that the operator Ty = o(f)Y2 x f* is an isometry of H(M) into H(M).
Again by Theorem 1 there exists an element wg € H(M) such that wg(zg) # 0
and Tywy = wp. Let us define E = {w € H(M) | w(zg) = 0} and observe that
Ts(E) C E.
Choosing a holomorphic coordinate system z = (2!,...2") near zo, we define
n linear functionals on E

i(w) = 6’%(“’0)’ weE

which are continuous by Proposition 1 (and are nontrivial by condition b (o) >
0). Since f'(zg) = Ald, where X > 1, then we have the following equality for any
we HM):

Z,-(wa) = Binw/wo(xo) = B-f*w/\/ 11)0 IL‘o)

= 8if*w/f*'w0(il,‘0) 6 w/wo(f = /\aiw/’u)o(l‘o) = /\éz(w)

)lx—a:o

which easily imply that A = 1 and o(f) = 1. Because operator T} is a self-map
of the weak compact D. = E N {||w|| < 1} N {¢;(w) = ¢} whenever ¢ € C,
therefore, applying the Schauder principle for any i = 1,7, one may find n forms
Wi,y Wn € H2(M) such that

wi(zo) =0, frw;=w;, Swi/wo(xo) #0, i=T1 n.

Evidently {g—;} form a holomorphic coordinate system near zg. Since f = L
1

:II

in terms of {% and M is a connected manifold, we have the equality f =1

everywhere.
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In conclusion, note the following question (posed in this form after discussion
with Professor Graham) which seems to be related to the statements above.

Let f: M — N be a holomorphic map of the connected Bergman Stein mani-
folds. If o(f) < oo and f*bn(xq) = bp(xo) in some point zo € M , is it true or
not that o(f) =17
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